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Ammonium-nitrate-based explosives used by the mining industry exhibit strong non-ideal detonation
behaviour. Detonation velocities in rate-sticks with radii close to the failure radius, can be as low as
one third of the ideal detonation velocity, which poses a significant challenge for their accurate predictive
computational modelling. Given that these emulsions are highly heterogeneous, multi-phase formula-
tions are well suited for their representation in numerical hydrocodes. To this end, a single-pressure, sin-
gle-velocity multi-phase model is employed for the simulation of an explosive emulsion widely used by
the mining industry. The model is modified to rectify a problem related to the calculation of a unique det-
onation state, and is evaluated using a high-resolution, shock-capturing Riemann problem-based scheme.
In order to perform high-resolution numerical simulations at a reduced cost, a shock-following method is
implemented and validated against the full-domain solutions. An improved iterative fitting procedure for
steady-state detonation kinetics is also presented. Validation against experimental evidence shows that
the model can reproduce confined VOD experimental data, solely by adjusting the reaction kinetics to
match unconfined experimental VOD data. Furthermore, the model can match experimental front curva-
ture measurement without further adjustments.

� 2013 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
1. Introduction

Ammonium-nitrate-based explosives are widely used by the
mining industry due to their low manufacturing cost, ease of han-
dling and low risk of accidental ignition. There is a strong interest
within the industry to predict the performance of these explosives
in confined environments in order to optimise the fracture and
heaving process of rock.

The objective of this study is to identify, assess and implement a
model appropriate for truly predictive simulations of detonation
propagation and early-time response of the confinement material.
To this end, the selected model should only rely on experimentally-
determined values for the equation of state and reaction rate, with-
out any use of additional user-adjusted parameters. In addition, the
model should be able to accommodate a range of equations of state
(e.g. Mie-Grüneisen, JWL [1], WMBG [2]) and arbitrary reaction
rate equations, so that it can reproduce realistic material behaviour
and non-ideal detonation behaviour. The model should also be able
to deal with strong pressure and density gradients arising from
confinement conditions. Multi-material capabilities are needed to
deal with mixture cells across which appropriate interface condi-
tions have to be fulfilled. It is also desirable that the reaction kinet-
ics can be calibrated from simple unconfined detonation
experiments.

Research and development in detonation modelling is domi-
nated by military applications, thus yielding a plethora of specia-
lised models for military explosives. The research and
development requirements of the mining industry, despite being
fundamentally related, have different emphasis. Military research
aims to optimise maximum power generation in combination with
a long shelf life. In contrast, the mining industry is mainly driven
by cost factors (e.g. production and transport) and has an interest
in ‘‘moderate’’ pressure detonations with a long pulse duration
[3], i.e. energy is released over a longer period of time. Energy re-
leased over a short period of time would result in detonation pres-
sures that would pulverise, instead of fracture and move, the rock
around drill holes.

In the modelling framework these differences create two addi-
tional challenges in simulating mining explosives. Firstly, typical
ammonium nitrate mining explosives have relatively high voidage,
either for sensitising the explosive or lowering the explosive den-
sity. This voidage can be as low as 10% and can go as high as
60%. Also, the oxidiser and fuel are located on different molecules,
leading to non-ideal detonation behaviour over a large range of
charge radii. This means that in this range, the velocity of detona-
tion (VOD) strongly depends on the confiner material as well as the
charge radius and cannot be accurately predicted by simple deto-
nation models, e.g. Chapman–Jouguet (CJ) theory.
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Despite the drawbacks of these simple models, there are some
successful reduced models like Detonation Shock Dynamics
(DSD) [4] and models based on the Wood–Kirkwood theory [5].
The DSD approach has proven itself as an useful model in military
applications and is based on a unique detonation velocity–shock
curvature law Dn � j. First-order DSD theory is known not to per-
form well for highly non-ideal detonations: Second-order exten-
sions have been developed, but are restricted to simple reaction
rate laws [6]. Nevertheless, first and second-order DSD theory is
still based on the assumption that reaction zones are very thin in
comparison to the radius of curvature. This assumption holds true
for most military explosives but approaches the limits of its valid-
ity when dealing with highly non-ideal explosives. The Wood–
Kirkwood based models, which are mainly used in mining indus-
try, rely on a streamline approach. The underlying PDE system is
transformed into the detonation frame and expressed in rotational
symmetry. The resulting model reduces to an ODE along the centre
streamline containing an unknown divergence term, which is usu-
ally supplied in some empirical form. Determination of the front
dynamics is thus not enough to predict propulsion effects as a large
amount of the energy is released out of the sonic surface during
detonation products expansion. Furthermore, the relationship be-
tween front curvature and explosive diameter is not known and
needs to be supplied from experiment. Taking into consideration
the limitations of the current approaches outlined above, we assess
in this work a multi-dimensional, unsteady, reactive, multi-phase
approach for the purpose of investigating the post-initiation
behaviour of mining explosives.

A popular class of multi-phase models are based on the formu-
lation by Baer and Nunziato (BN) [7–9] and its reduced formula-
tions, see for example [10]. To the best of our knowledge, no
multi-phase model has yet been applied to mining explosives in
combination with realistic equations of state (e.g. Mie-Grüneisen,
JWL, WMBG).

For the class of explosives in which we are interested, a single-
pressure and single-velocity multi-phase model is likely to be
well-suited due to the fast mechanical relaxation between the
explosive’s constituents. We propose to adopt a continuum hydro-
dynamic representation of each phase, where every material is
represented by an independent set of state variables in order to
allow temperature disequilibrium. A number of such formulations
exist [11–13,10], and we chose the approach of Petitpas and Saurel
[11,12], for reasons that will become apparent below.

In this work, the single-pressure and single-velocity multi-
phase model described in [12] is modified to allow simulations
of ammonium-nitrate-based emulsion explosives, as used in indus-
trial applications. During the analysis of the model, a dependence
of the detonation solution on the initial value of the product den-
sity was identified. This product density is not known at the very
start of the detonation front. To rectify this problem, we suggest
a physically-based approach to determine a unique product den-
sity at the shock front. In addition, the steady-state ODE system
along the centre streamline for arbitrary materials with embedded
front curvature effects is derived. An iterative process to fit the
reaction kinetics for the purpose of steady-state calculations is pre-
sented. In order to allow high resolution simulations in multi-
dimensions, rotational symmetry terms are derived and a simple
method is developed which can significantly reduce the amount
of computational cells. This approach is suitable for ratestick-based
performance calculations (velocity of detonation (VOD), front cur-
vature, detonation driving zone (DDZ), etc.).

The remaining section in this paper are organised as follows:
In Section 2 we summarise the mathematical model as derived
in the papers by Kapila et al. [10] and Saurel et al. [11]. The sec-
tion is closed with the final formulation for the physical model,
including the constitutive law and the reaction kinetics. Section 3
presents the algorithms used to solve the mathematical system,
comprising the numerical method, the rotational symmetry
source terms and the shock-following method. The steady-state
ZND structure for a two-phase ideal detonation and for arbitrary
materials with embedded front curvature effects, are derived in
Section 4. The problem of the detonation dependency on the
(yet unknown) initial product density is explained in Section 5,
followed by a constant volume approximation to rectify the prob-
lem. The model is validated in Section 6 with a set of inert and
reactive test cases, and the accuracy and efficiency of the
shock-following method is demonstrated by comparisons against
whole-domain simulations. The experiments of Dremin are out-
lined in Section 7, followed by a presentation of the reaction-rate
fitting procedure and comparison of the numerical results to the
experimental evidence. A discussion and concluding remarks are
made in Section 8.

2. The mathematical and physical model

The emulsion explosive EM120D is used as the vehicle for this
research; this is a mixture of ammonium nitrate (oxidiser), water,
oil (fuel) and emulsifier. The ammonium nitrate is first dissolved
in water forming an aqueous oxidiser solution, which is then
emulsified into the fuel phase. The condensed emulsion may be
sensitised by means of glass micro-balloons, which may also be
used to control the explosive bulk density. The unreacted
EM120D emulsion is represented in this study by a two-phase
mixture of the liquid condensed emulsion and the gaseous void
phase, the reaction products are represented by a single gaseous
phase.

A starting point for a suitable formulation is the BN model
[7,14], which provides a comprehensive description of the material
behaviour at the continuum scale, but with significant overhead in
terms of computational expense and algorithmic complexity, espe-
cially if three phases have to be considered. Even the two-phase
version of the BN model is currently undergoing further mathe-
matical and algorithmic development, and has not been extended
to accommodate complex equations of state. Reduced versions of
the BN model offer a good compromise, if the behaviour of the
explosive warrants simplifications.

To make this assessment, we first need to consider a relaxation
timescale estimate. Petitpas et al. [12] offer such an estimate for
arbitrary explosives, based on the knowledge of the constituents
densities, sound speeds, particle sizes and volume fractions. Fol-
lowing the procedure in [12], with representative values for the
emulsion explosive EM120D, results in mechanical relaxation times
s / 10�9 s, justifying the use of a single-velocity and single-pres-
sure model.

We note here that emulsion explosives exhibit relatively closer-
to-ideal behaviour as compared to other explosives used in the
mining industry. Mechanical relaxation times for ANFOs, depend-
ing on their prill size and detonation velocity, can range in between
s / 10�6 � 10�7 s. In comparison, the mechanical relaxation time-
scales for granular HMX under detonation conditions was shown
to be of the order s / 10�8 s [10].

Due to the aforementioned timescales of pressure and velocity
relaxation in the emulsion explosives, instantaneous relaxation
may be reasonably assumed. Thus a reduced version of the Baer–
Nunziato model is adopted in this study, obtained in the limit of
stiff mechanical relaxation, which results to a single-pressure
and single-velocity multi-phase model, as proposed by Kapila
et al. [10].

The following sections outline the model and its adaptation for
the explosives of interest. Section 2.1 summarises the previously
derived single-pressure and single-velocity multi-phase model.
Sections 2.2 and 2.3 complete the model description with the
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equation of state and its reaction rate law for the emulsion of
interest.

2.1. Single-pressure and single-velocity multi-phase model

The single-pressure and single-velocity multi-phase model with
mass transfer can be stated as

@ak

@t
þ u � rak � ak

qc2

qkc2
k

� 1
� �

r � u ¼ _ak þ Hk; ð1Þ

@akqk

@t
þr � akqku ¼ q _Yk; ð2Þ

@qu
@t
þr � ðqu� uÞ þ rp ¼ 0; ð3Þ

@qE
@t
þr � ððqEþ pÞuÞ ¼ 0: ð4Þ

The subscript �k indicates the material to which the value applies,
ak the volume fraction, qk the density and ck the sound speed.
The velocity vector is denoted by u and the mixture quantities
of total energy E, total density q and the Wood sound speed c
are given by

E ¼ eþ u2

2
; ð5Þ

q ¼
X

k

akqk; ð6Þ

1
qc2 ¼

X
k

ak

qkc2
k

; ð7Þ

with the mass fraction Yk ¼ akqk
q and internal energy

e ¼
P

kYkekðqk;pÞ. We neglect the heat transfer between the various
constituents due to their small interfacial area and short resident
time (i.e. Hk = 0). For big enough particles, the accuracy of this
assumption has been demonstrated by Baudin et al. [15]. We note
that the definition of specific alphanumeric material indices will
be supplied in each section individually.

In order to complete the reactive model, the mass transfer term
q _Yk needs to be defined. Initially, this mass transfer will lead to a
pressure disequilibrium between the different components, which
is mechanically relaxed by means of emission of acoustic waves,
thereby affecting the volume fractions of the mixture. The volume
fraction source term, _ak, based on this assumption was determined
previously by Petitpas et al. [16] as

_ak ¼
q _Yk

qk
� ak

qkc2
k

qc2
X

j

q _Yj

qj
: ð8Þ

Note that the volume fraction source term in this form depends on
all the constituents’ densities. The implication is that the model is
ill-posed for zero ak so it is necessary to assign a very small volume
fraction (ak = 1e�8), even if a phase is not present. We note that the
volume fraction source term was originally derived for phase tran-
sition problems, where densities for all constituents (i.e. the liquid
and vapour phases) are known. In detonation problems this is not
the case; the density of the product gas is not known at the very
start of the detonation front, thus a method is suggested to deter-
mine a unique reaction product density. The problem and the sug-
gested solution will be discussed in detail in Section 5.

Since the model is not in conservation form, appropriate shock
conditions need to be prescribed in order to regularise it [10]. This
study employs the shock conditions as derived by Saurel et al. [17]
in the limit of weak shocks:

8k; Yk ¼ Y0
k ; ð9Þ
qðu� DÞ ¼ q0ðu0 � DÞ ¼ m; ð10Þ

p� p0 þm2ðv � v0Þ ¼ 0; ð11Þ

8k; ek � e0
k þ

pþ p0

2
vk � v0

k

� �
¼ 0; ð12Þ

where D denotes the shock speed (or detonation speed), the super-
script �0 refers to the unshocked material. This algebraic model was
compared and validated against strong shock data in the same
reference.

When compared to the full Baer–Nunziato model [7,14], the set
of reduced equations simplifies the wave structure of the Riemann
problem and allows for faster numerical multi-phase calculations.
Nevertheless, the reduced equations possess numerical challenges
which need to be addressed. In particular, the non-conservative
volume fraction equation causes difficulty in combination with
the non-monotonic sound speed behaviour. The velocity diver-
gence term can cause volume fractions to become negative within
strong shocks or strong expansion waves and the non-monotonic
sound behaviour in diffusive interfaces leads to inaccurate wave
dynamics [11].

To overcome these problems, Saurel et al. [11] constructed a
pressure non-equilibrium model in combination with a stiff relax-
ation method. The numerical treatment of the single-pressure and
single-velocity multi-phase model will be summarised in
Section 3.1.

2.2. Equation of state

For closure, the above system of equations requires an appropri-
ate equation of state (EoS) for every constituent and a reaction rate
equation to specify the conversion from reactants and products.
This section describes the equation of state for reactants, products
and the inert confiner material.

The reactants are described with a Shock-Mie-Grüneisen (SMG)
[18] equation of state, the products are represented with a Wil-
liamsburg (WMBG) equation of state [2] and the inert confiner
material is represented by means of a SMG equation of state, or
Ideal Gas (IG) in the unconfined case.

All the equations of state employed can be cast in Mie-Grünei-
sen form, which can be represented in mechanical and thermal
form as

ekðp; vkÞ ¼ ek;ref ðvkÞ þ
vk

CkðvkÞ
ðp� pk;ref ðvkÞÞ; ð13Þ

ekðvk; TÞ ¼ Ck;V T þ ek;ref ðvkÞ; ð14Þ

pkðvk; TÞ ¼
CkðvkÞ

vk
Ck;V T þ pk;ref ðvkÞ; ð15Þ

where Ck(vk) represents the Grüneisen coefficient and (pref(vk),
eref(vk)) is a reference curve for pressure and energy.

The simplest EoS, i.e. the IG EoS, is defined through the trivial
reference curves:

pref ðvkÞ ¼ 0; ð16Þ
eref ðvkÞ ¼ 0; ð17Þ
CkðvkÞ ¼ ck � 1: ð18Þ

In the case of the SMG EoS, the reference curves are determined in
such a way that the given reference curves lie exactly along the lin-
ear shock expression relating particle speed, up, and shock speed,
us = c0 + s up:

pref ðvkÞ

c2
0 vc

k
�vkð Þ

vc
k
�s vc

k
�vkð Þð Þ2

vk < vc
k

c2
0

vk
� c2

0
vc

k
vk > vc

k

;

8>><
>>: ð19Þ
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eref ðvkÞ ¼
1
2 pref ðvkÞ vc

k � vk

� �
vk < vc

k

0 vk > vc
k

(
; ð20Þ

CkðvkÞ ¼ C0
vk

vc
k

; ð21Þ

with the specific volume of the condensed phase vc
k, respectively,

for material k. It is noteworthy that the reference curve in Eq.
(19) also permits expansions vk > vc

k

� �
.

The WMBG EoS is used to represent the gaseous reaction prod-
ucts. It is a variable-c equation of state fitted to the release isen-
trope from an ideal detonation code, with matching adiabatic c
at the CJ state. The full WMBG EoS is a complete equation of state
that can be fitted to multiple isentropes in the p–v plane. Since the
intrinsic variables of the full WMBG EoS are density and entropy,
only the principal isentrope is used in this study allowing the
EoS to be cast in the simpler Mie-Grüneisen form. The internal en-
ergy is given by

ekðp;vkÞ ¼
pvk

gðvkÞ � 1
� Q ; ð22Þ

where gðvkÞ ¼ 1þ
A vk=v0

k

� �
B vk=v0

k

� � ; ð23Þ

and where A and B are polynomials of order N. The Grüneisen coef-
ficient is determined from the internal energy equation by the
expression CkðvkÞ ¼ vkð@p=@ekÞqk

[12]. In this study the fitting order
is N = 3 and the reference specific volume is
v0

k ¼ vCJ ¼ 1=1600:4 m3 kg�1. The energy constant in the gaseous
explosive is given by Q = 3.2934 MJ kg�1. The EoS parameters used
in this study are summarised in Table 1. With respect to confiners,
concrete parameters originated from Hall et al. [21] and steel
parameters from Van Thiel et al. [20]. The unreacted condensed
emulsion phase is taken from Chan et al. [19] and the gaseous
parameters were courtesy of Kirby [22].

2.3. Reaction model

A two-stage pressure-dependent reaction rate is adopted as a
reaction model for the sub-grid-scale chemistry. The model was
formulated to mimic the hot-spot behaviour in ammonium nitrate
emulsions during detonation propagation and was developed by
Chan and Kirby [23]:

dk
dt
¼ ð1� kÞindx Hðp� phÞ

ah

sh
pNp þ p

1� ah

ss

� �
; ð24Þ

with ah ¼ exp � k
xh

� �Na
 !

; ð25Þ

where k represents the reaction progress.
Table 1
Equation of state parameters for condensed and gaseous phase of EM120D and inert
confiners.

Material vc
k ðm3=kgÞ c0 (m/s) s C0

EM120D Condensed [19] 1.0/1400.0 2170.0 1.82 0.937
Steel [20] 1.0/7840.0 3670.0 1.645 2.0
Concrete [21] 1.0/2340.0 2235.0 1.745 2.0

c

Air 1.4 – – –
Void Gas 1.22 – – –

EM120D Gas [22] A0 A1 (g/cc) A2 (g/cc)2 A3 (g/cc)3

�0.9289 9.0615 �1.0607 1.0
B0 B1 (g/cc) B2 (g/cc)2 B3 (g/cc)3

0.9225 2.6724 �1.6394 2.8818
The term in front of the brackets provides the regressiveness at
the end of the reaction with the regression index indx. The first
term in the brackets represents the hot-spot reaction, with the crit-
ical pressure ph, below which reaction fails. The second term in the
brackets represents the pressure dependent bulk burning term.

The function ah is a switching function. At ignition the hot-spot
behaviour dominates (ah = 1) and then transfers to the bulk burn-
ing (ah = 0). The parameter xh in ah defines the fraction of explosive
that burns in the hot-spot process and the constant Na prescribes
how quickly this transition between both processes takes place.
The burn time parameters, ss and sh, are constants that determine
the burn time of the hot-spot (/sh) and bulk reaction (/ss), respec-
tively. To allow for different hot-spot burn behaviour, the pressure
power dependence, Np, can be varied.

The method to determine the reaction parameters is presented
in Section 7.2. The obtained parameters for the emulsion explosive
EM120D are

sh ¼ 22:0 ls GPa; ss ¼ 20:0 ls GPa; ph ¼ 1:51 GPa;
indx ¼ 0:667; xh ¼ 0:95; Na ¼ 9:0;
Np ¼ 1:51:

ð26Þ
3. The numerical discretisation procedure

The complete reactive multi-phase problem, given by the equa-
tions in Section 2, is solved using an operator splitting approach.
The hyperbolic left-hand side part of the system is evaluated by
means of a second order of accuracy MUSCL reconstruction
scheme, used in combination with the HLLC [24] Riemann solver.
The numerical procedure is outlined in Section 3.1.

Since our interest focuses on cylindrical explosive charges, the
three-dimensional system is reduced to a rotational symmetric
system. The corresponding rotational source terms are derived in
Section 3.2. For problems which converge to steady-state (e.g. det-
onation propagation in rate-sticks), we propose, in Section 3.3, a
method based on the detonation frame of reference.

Operator splitting is applied to advance the numerical solution
in time. The problem is therefore separated into two hydrodynamic
steps, one for each spatial direction and two source term steps. The
source terms, reactive and geometrical, are solved with a fourth or-
der Runge Kutta method (RK4) [25], restricted by a maximum
time-step estimated by the first order explicit Euler method.

3.1. The algorithm

The numerical solution of the system (1)–(4), together with the
equations as listed in the previous section, poses significant
numerical challenges which cannot be addressed with standard
procedures [13]. The challenges stem from the non-conservative
compaction term and the non-monotonic sound speed behaviour
with respect to mass and volume fraction. Here we follow the pro-
cedure developed in [11] and [12], where the system is expressed
as a pressure non-equilibrium model in combination with a stiff
pressure relaxation step. The three main steps, necessary to solve
the inert part of the pressure non-equilibrium model, are summa-
rised below:

1. Hyperbolic step: In the hyperbolic step, the pressure non-equi-
librium model is advanced in time:
@ak

@t
þ u � rak ¼ 0; ð27Þ

@akqk

@t
þr � akqku ¼ 0; ð28Þ
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@akqkek

@t
þr � akqkekuþ akpkr � u ¼ 0; ð29Þ

@qu
@t
þr � ðqu� uÞ þ rp ¼ 0; ð30Þ

@qE
@t
þr � ððqEþ pÞuÞ ¼ 0: ð31Þ
In comparison to the single-pressure and single-velocity multi-
phase model of Eqs. (1)–(4), additional partial energies are intro-
duced. In combination with the subsequent stiff pressure relaxation
step, it is possible to eliminate the numerically complicated velocity
divergence term in the volume fraction Eq. (1).
2. Pressure relaxation step:

Subsequent to the hyperbolic step, the pressure of the different
constituents can be in non-equilibrium, so relaxation to a single
pressure is necessary. With the exception of shock regions, the
pressure relaxation is determined with the following
constraint:
8k; ek p�;v�k
� �

� e0
k p0

k ; v
0
k

� �
þ pIðv�k � v0

kÞ ¼ 0; ð32ÞX
k

ðaqÞkv�k ¼ 1; ð33Þ
where the superscript �0 denotes the initial state and the
superscript �⁄ the relaxed state. The interface pressure is chosen to
be pI = p⁄ as suggested in [11].
If relaxation is necessary within the diffused shock region, the ana-
lytically derived shock conditions [17] are employed. Inside shock
regions, the pressure relaxed state is determined by
8k; ek p�;v�k
� �

� ei
k pi;v i

k

� �
þ p� þ pi

2
v�k � v i

k

� �
¼ 0; ð34Þ

X
k

ðaqÞkv�k ¼ 1; ð35Þ
where the superscript �i denotes the reference state and the super-
script �⁄ denotes the relaxed state. In this formulation, knowledge of
the unshocked state being needed, the system (27)–(31) is thus
complemented by the following equations:
@v i
k

@t
þ u � rv i

k ¼ 0; ð36Þ

@pi

@t
þ u � rpi ¼ 0; ð37Þ
allowing the Hugoniot poles transport inside the multi-phase shock
[12]. Both relaxation systems (32)–(35) are solved with a Newton–
Raphson method.
The relaxation constraints also determine the volume fractions
a�k ¼ ðaqÞk � v�k. Since the partial energies cannot be expressed in
conservative form, total energy conservation can be violated. There-
fore the partial energies need to be re-initialised to ensure total en-
ergy conservation.
In order to distinguish between continuous flow and shock region, a
shock indicator is necessary. The detection method employed in
[12], based on time variations, is replaced with the shock detection
algorithm developed by Toro [24, §14.6.4] as part of an adaptive
primitive-conservative scheme and is based on the solution of the
Riemann problem. The algorithm reduces the numbers of wrongly
identified shocks cells, which in return increases the stability of
the relaxation root-finding procedure.
3. Re-initialisation step:

In the re-initialisation step, the relaxed pressure is recom-
puted based on the total mixture internal energy qe. The vol-
ume fractions a�k and partial volumes v�k, determined by the
relaxation step, are applied to the mixture equation of state
together with qe, determining the pressure of the relaxed
state:
p ¼
qe�

X
k

ðaqÞk ek
ref v�k
� �

� v�
k

Ck v�
kð Þ

pk
ref v�k
� �� �

X
k

a�
k

Ck v�
kð Þ

: ð38Þ
Subsequent to the re-calculation of the relaxed pressure, the vol-
ume fractions ak and partial internal energies akqk ek are updated
with the calculated relaxed state.

This sequence of three steps results in solving the homogeneous
part of the pressure equilibrium system (1)–(4). Although the
above system holds for an arbitrary number of materials, the
case-studies we consider are composed of four material compo-
nents: the liquid reactant, the gaseous reaction products, void
gas and an inert confiner material.

3.2. Rotational symmetry

Since all the three-dimensional computations presented in this
study are axisymmetric, the problem can be reduced to a two-
dimensional formulation with additional geometric source terms.
These source terms arise from the divergence terms in the model,
which become apparent once the divergence operator is cast into
cylindrical coordinates:

r � A ¼ @

@r
þ 1

r

� �
Ar þ 1

r
@

@h
Ah þ @

@z
Az
: ð39Þ

The extra term 1
r Ar is treated as a forcing (source) term to describe

three-dimensional axisymmetric geometries. The source term for
the pressure non-equilibrium model on the right hand side of Eqs.
(27)–(31) can be written as

sgðUÞ ¼ �
1
r

Ar ¼ �uy

y

0
akqk

akðqkek þ pkÞ
qu
qEþ p

0
BBBBBB@

1
CCCCCCA
; with U ¼

ak

ðaqÞk
ðaqeÞk
qu
qE

0
BBBBBB@

1
CCCCCCA
;

ð40Þ

with uy the velocity in y direction and y = 0 being the axis of sym-
metry. After applying the source term, the pressures of the different
constituents are not necessarily in equilibrium. Thus, the system
needs to be relaxed and re-initialised subsequent to the combina-
tion of hydrodynamic and source term steps.

3.3. Shock-following method

In order to perform simulations on a desktop computer that re-
solve the detonation driving zone (DDZ) with a resolution of the or-
der of 100 grid cells, the calculation cost for cells distant to the DDZ
needs to be reduced significantly. This resolution was determined
to be necessary in order to predict the detonation velocity to with-
in 10 m/s accuracy [26] (see Fig. 1).

In the case of steady-state detonations, which is the main inter-
est in this study, it is sufficient to capture the flow to the extent of
the sonic locus (including an additional buffer region as a precau-
tion), which in turn will reduce calculation times. This could be
achieved with traditional methods, like adaptive mesh refinement,
but due to the fact that the flow is supersonic (i.e. disturbances
cannot propagate ahead of the sonic line), we suggest an adaptive
truncation of the computational domain.

The simplification, hereafter referred to as the shock-following
method, is implemented in such a way that it automatically traces
the detonation shock front in every time step. Based on the DDZ
location, the simulation domain will be extended if the leading
shock is closer to the domain head than a certain buffer region



Fig. 1. Density contour plot with superimposed streamlines (solid black lines), the
detonation driving zone (DDZ – black elliptical dotted line), the end of the reaction
zone (white dashed line) and air confiner interface (red line). The front of the DDZ
coincides with the detonation shock front, which enters the unreacted explosive.
The end of the DDZ is defined by the sonic locus. In the area behind the reaction
zone the explosive is fully burned. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
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(in this study 10 computational cells). At the domain end, i.e. be-
hind the DDZ and some additional buffer length (in this study dou-
ble the DDZ length), the domain can be truncated, since pressure
waves in this region will not affect the detonation front ahead.

This method should not be confused with a coordinate transfor-
mation approach, which is likely to create problems related to
shocks traversing a mesh at a slow relative speed [24]. Rather,
the presented shock-following method is a very simple extension
of the numerical method already implemented for the full domain.
Therefore, we believe that the shock-following method is a good
compromise between calculation efficiency, coding costs and flex-
ibility. A comparison to the full domain simulation is given in
Section 6.4.

4. Steady-state ZND structure

In this section we derive the system of ODEs describing the
structure of a steady-state ZND detonation wave. The motivation
is twofold: firstly, the system can be used in order to validate the
implemented unsteady hyperbolic model and moreover, the sys-
tem is used to reduce the time overhead of the reaction rate fitting
procedure of the rate law appearing in Eqs. (24), (25).

The system of Eqs. (1)–(4) can be transformed into the detona-
tion frame of reference. The related coordinate transformation is
given by �x ¼ D � t � x which yields the corresponding transformed
differentials:

@

@x
¼ � @

@�x
; ð41Þ

@

@t
¼ D

@

@�x
: ð42Þ

In Section 4.1 we describe the coordinate transformation for a
two-phase system, unreacted explosive and reaction products. This
system is of particular interest as it allows to validate the reactive
part of the unsteady hyperbolic model for ideal detonations. In Sec-
tion 4.2 we apply the same transformation, but for a steady-state
ODE system that is generalised to arbitrary materials. Furthermore,
we include front curvature effects, which is particularly useful for
fitting reaction rates. The complete temperature non-equilibrium
ZND system can be regarded as an extension of the quasi-one
dimensional Wood–Kirkwood [5] front curvature model.
4.1. Two-phase ideal detonation

By applying the differentials (41) and (42) to the system of Eqs.
(1)–(4) and considering one dimension and two materials, the
steady-state ZND structure can be recovered. The system in the
detonation frame for two materials may be written as

dY
d�x
¼

_Y
�u
; ð43Þ

dq
d�x
¼ �q

�u
d�u
d�x
; ð44Þ

dp
d�x
¼ �q�u

d�u
d�x
; ð45Þ

da
d�x
¼ K

�u
d�u
d�x
þ p

M
�u

_Y ; ð46Þ

d�u
d�x
¼

Cðh2 � h1Þ þ qc2 1
q1
� 1

q2

� �
c2 � �u2

_Y; ð47Þ

with K ¼ q2c2
2�q1c2

1
q1c2

1
a1
þ

q2c2
2

a2

and M ¼
c2
1

a1
þ

c2
2

a2
q1 c2

1
a1
þ

q2 c2
2

a2

. The subscripts �1 and �2 indicate

the material to which the value applies, the speed of sound is given
by Eq. (7), the enthalpy by hk = ek + p vk and the mixed Grüneisen
coefficient by 1

C ¼
a1
C1
þ a2

C2
.

The system of Eqs. (43)–(47) is solved between the Von Neu-
mann spike, determined by the System (9)–(12), and the CJ point
(defined by �u ¼ c and _Y ¼ 0). Values for the Von Neumann spike
and the CJ point are obtained through the intersection of Rayleigh
line with the Crussard Curve and the Hugoniot of the reactants.
The full steady-state ZND solution is then recovered by integrat-
ing the system (43)–(47) along the Rayleigh line with a standard
ODE solver. This ODE system is identical to the system derived in
[12].

4.2. Arbitrary materials with embedded front curvature effects

In order to obtain the ODE system for arbitrary materials with
embedded front curvature effects, the system of Eqs. (1)–(4) has
to be transformed into cylindrical coordinates. The rotational sym-
metry allows the elimination of all derivatives in the angular direc-
tion, leading to the transformation for velocity times gradient and
velocity divergence terms:

u � r ¼ u
@

@x
þx

@

@r
; ð48Þ

r � u ¼ @u
@x
þ @x
@r
þx

r
; ð49Þ

with x being the axis of symmetry and u = (u,v,x) the velocity vec-
tor in cylindrical coordinates (x,/,r). Subsequently the system is re-
duced to the centre streamline:

lim
r!0

xðrÞ ¼ 0; ð50Þ

lim
r!0

xðrÞ
r
¼ @x
@r
¼ xr: ð51Þ

Finally, the differentials from Eqs. (41), (42) are applied to
transform the system into the detonation frame.

The final system for arbitrary materials and embedded
front curvature effects along the centre streamline is given
by

dYk

d�x
¼

_Yk

�u
; ð52Þ

dq
d�x
¼ �q

�u
d�u
d�x
þ 2xr

� �
; ð53Þ
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dp
d�x
¼ �q�u

d�u
d�x
; ð54Þ

dak

d�x
¼ 1

�u
Kk

d�u
d�x
þ 2xr

� �
þ Hk þMkð _YÞ

� �
; ð55Þ

d�u
d�x
¼

2xrc2 þ C
P

ihi
_Yi � qc2P

i
_Yi
qi
þ C

P
i

Q i
q � c2P

i
QiCi
qic

2
i

�u2 � c2 ; ð56Þ

with the corresponding multi-phase term Kk, heat exchange term Hk

and mass transfer term Mkð _YÞ defined by

Kk ¼ ak
qc2

qkc2
k

� 1
� �

; ð57Þ

HK ¼
Q kCk

qkc2
k

� ak
qc2

qkc2
k

X
j

Q jCj

qjc
2
j

 !
; ð58Þ

Mkð _YÞ ¼
q _Yk

qk
� ak

qkc2
k

qc2
X

j

q _Yj

qj
: ð59Þ

Note that the heat transfer terms in the system (52)–(56) are only
included for completeness and are not considered in this work.

This extended steady-state ODE system can be used to adjust
reaction rates to match the corresponding VOD to inverse charge
radius graphs. It is solved between the Von Neumann spike and
the generalised CJ point (defined by �u ¼ c and
2xrc2 þ C

P
ihi

_Yi � qc2P
i

_Yi
qi
¼ 0 in the absence of heat exchanges),

but since the detonation velocity is now front-curvature-depen-
dent, a shooting method is necessary to obtain the ODE solution.

The above steady-state ODE model is not complete. One addi-
tional term needs to be supplied to make the solution unique
and an extra relationship is necessary for fitting reaction rates.
The term necessary to complete the model is the unknown diver-
gence term xr. The term can be derived exactly at the detonation
front by geometrical means but its flow dependency behind the
shock is undetermined.

Analytical solutions for xr only exist for very specific input
parameters (see e.g. Bdzil [27]). However, various approximate
estimates for xr are available. The two most commonly used
approximate estimates, which are also used in this study for the
reaction rate fitting, are presented in Appendix A.

The Wood–Kirkwood approach unfortunately does not provide
an estimate for the relation between charge radius and front cur-
vature. This relationship is necessary to allow reaction rate fitting
to VOD versus inverse charge radius data, as done in this study.
This connection can either be supplied through previous experi-
mental results or be determined through a numerical simulation.
The reaction rate fitting procedure is discussed in detail in
Section 7.2.

5. Volume fraction source term

Considering two materials, namely reactants with subscript �s
and products with subscript �g, the volume fraction source term,
as derived by Petitpas et al. [16] (see Eq. (8)) and later employed
in an explosives study [12], depends among, other variables, on
the gaseous product density. The reaction term _as depends on
the density of the products even in the limit of as ? 1 (i.e. in the
absence of products):

lim
as!1

_as ¼ lim
as!1

q _Ys

qs
� as

qsc2
s
qc2

X
j

q _Yj

qj

 !
ð60Þ

¼ _Ys �
X

j

qs
_Yj

qj
¼ qs

qg

_Ys: ð61Þ
Due to this dependency in the limit of as ? 1, the product density
needs to be uniquely specified at the detonation shock front. There
are two obvious choices for the density of the initially non-existent
product gases.

One choice is to specify the product density in the ambient
explosive such that thermal equilibrium holds amongst all compo-
nents. This is how we calculate the densities of existing inert mate-
rials. The product density at the shock front is then automatically
determined through the mixture shock conditions (9)–(12).

This approach is limited in most reactive cases because the
thermal behaviour of the detonation product gases is mostly un-
known at ambient conditions, as most real gas EoS have limited do-
mains of validity. Another choice is to determine the product
density at the shock front based on a constant volume explosion.
This approach is generally applicable in practice and is therefore
the method of choice in this work.

The volume fraction dependency on the initially chosen product
density, qg, in the limit of as ? 1 is confirmed by numerically-ob-
tained ZND structures (not displayed here). Although the Von Neu-
mann spike and the CJ point stay the same for ideal simulations,
the behaviour within the reaction zone will be different, even in
one-dimensional ideal simulations.

5.1. Constant volume approximation

The model needs to be supplied with a physically meaningful
and unique way of determining the product density. The assump-
tion made to derive the product density for the reaction rate is
based on a constant volume explosion (an instantaneous explo-
sion) of a very small amount of reactants to products with a subse-
quent pressure relaxation process.

The assumptions expressed in mathematical form for a two-
phase system can be summarised as

eg :¼ es; vg :¼ v s; pg :¼ pgðeg ; vgÞ; ð62Þ

which is applied at the numerical Von Neumann spike. The multi-
phase system with condition (62) is in general not in pressure equi-
librium. The mechanically relaxed state is found with the relaxation
method given in (32), (33) with the conditions (62) determining the
initial state.

This constant volume explosion–pressure relaxation procedure
is just a ‘‘discrete’’ analogue of the source terms related to mass
transfer present in system (1)–(4). It closes this system in the limit
as ? 1.

Note that, for a heterogeneous explosive with explicit phase
representation of the voidage (two-phase reactant consisting of a
condensed phase and a voidage phase) the numerical Von Neu-
mann spike is determined by the two-phase shock relations. As
this explosive–air mixture represents the reactant phase a constant
volume explosion is assumed from the post-shocked mixture to
gaseous products. This implies that the energy es and specific vol-
ume vs in Eq. (62) are given by the energy and specific volume of
the two-phase reactant.
6. Test problems and validations

In this section we validate the above model for inert and reac-
tive case-studies. In order to demonstrate convergence of the mod-
el at the inert limit, the most commonly studied and published
inert multi-phase test cases have been summarised in Table 2
and compared to the results obtained with the current code in Sec-
tion 6.1. The reactive part of the model is validated in one dimen-
sion by comparing the solution of the unsteady hyperbolic model
to the solution of the steady-state ODE model in Section 6.2. This
is first done for a test case previously studied by Petitpas et al.
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[12] and later repeated for the emulsion explosive of interest. The
one-dimensional grid convergence study for EM120D is then ex-
tended to an unconfined three-dimensional axisymmetric rate
stick problem in Section 6.3. The validation section is closed with
a comparison between the full domain solution and the developed
shock-following method in Section 6.4.
6.1. 1D inert test cases

The numerical solver employed for the system of Eqs. (27)–(38)
is first validated using a set of inert multi-phase test case-studies
compiled from [12,11] and [13].

The first test is a simple air–water interface advection problem,
chosen because it demonstrates that the numerical method does
not cause spurious oscillations around material interfaces. These
oscillations are also observed in augmented Euler formulations
widely used to study detonations, and they have to be rectified
by means of an additional procedure [28]. The second and third
test cases are air–water shock tubes with different (moderate
and extreme) pressure differences. These two tests show that,
although the current formulation was developed as a mixture
model, it is also capable to deal with material interfaces separating
Table 2
Parameters for inert test cases [12,11,13] of the single-pressure, single-velocity multi-
phase model. Each case is a Riemann problem with the left �l and right state �r
separated at x0.

Test 1 2 3 4 5 6 7

Mat1 Air Air Air Air Air Epoxy Epoxy
q1 (kg/m3) 10 50 10 1 1 1185 1185

Mat2 Water Water Water Water Water Spinel Spinel
q2 (kg/m3) 1000 1000 1000 1000 1000 3622 3622

ul (m/s) 1000 0 0 0 0 0 0
pl (Pa) 105 109 1012 109 109 1010 2 � 1011

a1l 10�8 10�8 10�6 0.5 0.8 0.5954 0.5954

ur (m/s) 1000 0 0 0 0 0 0
pr (Pa) 105 105 105 105 105 105 105

a1r 1–10�8 1–10�8 1–10�6 0.5 0.2 0. 5954 0.5954

x0 (m) 0.5 0.7 0.6 0.5 0.7 0.6 0.6
T (ls) 229 900 8.3 200 200 80 32
Size (m) [0, 1] [�2, 2] [0, 1] [0, 1] [0, 1] [0, 1] [0, 1]
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Fig. 2. Plots of (from left to right) q, u, p and a1. The top row shows an air–water advect
pressure ratio (Test Case 2). The numerical solution is given by red points; the exact solu
this figure legend, the reader is referred to the web version of this article.)
two pure materials even in combination with strong pressure
gradients.

The following test cases all involve multi-phase mixtures.
The fourth and fifth tests are air–water mixture problems and
demonstrate the model’s ability to deal with high density and
pressure gradients for mixtures. Case six and seven are mixture
test cases involving the materials epoxy and spinel. These are
known to be challenging mixture tests, especially for capturing
the correct compression (volume fraction) within the shocked
region [11].

All the test cases are summarised in Table 2 and the results are
presented in Figs. 2–4. An exact Riemann solver is implemented as
part of this work, based on the derivation of Petitpas et al. [29].
Comparisons between the exact solution and the numerical solu-
tion with 1000 cells are provided in Figs. 2–4 demonstrating a good
agreement between numerical and exact solution. In addition it
can be observed that the test cases with strong pressure and den-
sity gradients as well as material interfaces do not cause computa-
tional difficulties.
6.2. Reactive test case – quasi-1D comparison

The reactive part of the numerical solver is validated against the
solution of the steady-state ODE model (see Eqs. (43)–(47)) for two
detonation test cases.

The first reactive test case is a two-phase stiffened gas detona-
tion problem, as presented in [12]. The second test involves the
ammonium-nitrate-based mining explosive EM120D. In both tests,
the reference ODE solution is compared to the results of the hyper-
bolic unsteady model.

The first two-phase reactive test is specified through the stiff-
ened gas parameters for the solid reactant cs=4, p1,s = 1 � 109 Pa
and the ideal gas parameter cg = 3 for the product gases. The corre-
sponding energy release is given as Q = 3.68 MJ/kg. The reaction
law for the first test only depends on the mass fraction of the reac-
tants, _Yg ¼ k

ffiffiffiffiffi
Ys
p

, with the reaction constant k = 2 � 106 s�1.
The solution of the steady-state ODE model is illustrated, in

both cases, with a blue line, the numerical results at different com-
putational mesh resolutions with: green triangles (fine), red
squares (medium) or black dots (coarse). The results for the first
reactive test case can be seen in Fig. 5, showing a very good agree-
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Fig. 3. Plots of (from left to right) q, u, p and a1. The top row shows an air–water shock tube with extreme pressure ratio (Test Case 3), the bottom row an air–water mixture
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ment to the solution of the steady-state ODE model once the reso-
lution exceeds 1000 cells (i.e. �30 cells in the ZND reaction zone).

In the second reactive test case, the mining explosive EM120D is
considered, with the EoS parameters as in Table 1. Similar to the
first reactive two-phase case, a good agreement between steady-
state ODE model and full hydrodynamic solution can be observed
once the resolution exceeds 15,000 cells (i.e. � 60 cells in ZND
zone) (see Fig. 6).
The reason that a higher amount of cells is necessary for
EM120D is related to the two-stage reaction behaviour. The initial,
faster hot-spot burn is followed by a slow bulk burning process of
the ammonium nitrate. Although the slow burning elongates the
reaction zone, the steep part of the reaction still needs to be re-
solved accurately. The resolution of 15,000 cells within a domain
length of 1.5 m corresponds to a physical resolution of D
x1D = 0.1 mm. We estimate that this resolution is sufficient to
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achieve convergence in the multi-dimensional simulations but we
will provide an additional quantitative comparison in the next
section.

6.3. Reactive test case – convergence study

This section provides a qualitative and quantitative comparison
between the two spatial resolutions Dx = 0.2 mm and Dx = 0.1 mm.
The test case under consideration is a cylindrical slab of explosive
(r = 20 mm) surrounded by air. The emulsion is initiated by a high-
pressure booster at the end of the charge; the detonation is then
allowed to travel twenty times its charge radius to transition to
steady state.

The numerical results for total density and reactant volume
fraction are shown in Fig. 7. The top half in every contour plot rep-
resents the numerical result obtained with the coarser resolution
and the bottom half the finer resolution. The two simulations exhi-
bit very similar physical features. Both resolve an ejected, partially
burned explosive layer, visible in the density as well as in the vol-
ume fraction contour plots. A closer look in the volume fraction
plot reveals a thin layer of compressed unburned explosive ahead
of the detonation wave (darker red contour), which is also resolved
in both simulations. In addition, the contours across the DDZ are
virtually identically for both simulations.

Nevertheless, some minor differences can be detected; the most
pronounced difference being the lag of the less resolved simulation
(see Fig. 7). Therefore, a quantitative comparison between the
measured detonation velocity (which is a quantity of interest in
this study) is done for both numerical resolutions and compared
to the results obtained using the shock following method (see
Table 3).

The detonation velocity is determined by averaging over the
last 500 time steps once the detonation has reached steady state.
The error in determining the numerical detonation velocity in
Table 3 arises from the uncertainty in peak pressure location to
within the width of one computational cell.

The time-dependent VOD, compared to the steady-state VOD, is
shown in Fig. 8. The figure demonstrates the numerically observed
transition to steady state. In the strong booster ignition case (high-
pressure region with unreacted emulsion explosive at an initial
pressure of p = 3GPa) it can be seen that shortly after ignition,
the detonation wave initially runs behind (ignition state), then a
little ahead (overdriven state) and then settles quickly to steady
state. For the selected rate stick dimension, the steady-state deto-
nation is achieved about 20ls after initiation, which corresponds
to a physical distance of roughly 100 mm, a quarter of the chosen
domain length.

Based on the results shown in Fig. 8, the chosen domain
length, of twenty times the charge radius, is considered suffi-
cient to transition to steady state before reaching the end of
the domain.

The relative experimental errors in VOD are stated by Dremin
[30] to be between DrelVOD = 1.0–3.0% depending on the charge
radius, which translates in absolute values of the order Dabs-

VOD > 50 m/s. Thus the resolution of Dx = 0.1 mm can be regarded
as sufficient to approximate the explosive within its experimental
errors and is chosen from now on for all multi-dimensional simu-
lations in this study.



Table 3
Comparison of detonation velocity and computational cost. The VOD is obtained through two different numerical approaches (full domain simulation and shock-following
method) and three different spatial resolutions. The speedup is determined by comparing process times for the different methods given a numerical resolution.

Full domain simulation Shock-following method

Resolution (mm) 0.2 0.1 0.2 0.1 0.05
VOD (m/s) 4897 ± 12.5 4924 ± 6.3 4898 ± 12.5 4923 ± 6.3 4931 ± 3.1
Speedup 1 1 18 28.2 –

Fig. 7. Comparison between two full domain simulations at different resolutions (upper half Dx = 0.2 mm, lower half Dx = 0.1 mm). The contour plots on the left side
compare the total density, the plots on the right side compare the reactant volume fraction. The plots are taken at physical times t = 0, 20, 60 ls (from top to bottom),
respectively, together with enlarged contour plots of the detonation front at t = 60 ls.
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6.4. Shock-following method

As well as the quantitative comparison of detonation velocities
between the full domain simulation and the shock-following
method (see Table 3), a comparison for density, pressure and reac-
tant volume fraction contours is provided in Fig. 9. The top half dis-
plays magnified results of the full domain simulation, already
exhibited in Fig.7 at the last output stage t = 80 ls (steady state),
which can be compared to the results obtained with the shock-fol-
lowing method in the bottom half.

It can be seen that the domain in the shock-following method is
limited to double the DDZ length. Nevertheless, the DDZ region
(black dashed line) completely matches the one within the full do-
main simulation. The same matching behaviour can be found for
the interface position of the air confiner (white dashed line). Fig-
ure 9, together with the detonation velocity results in Table 3,
demonstrates the equivalence of both methods for steady-state
detonation waves.
7. Comparison to experiment

The goal of this study is to demonstrate the usability of the
presented model, with its modifications, for mining
applications.

First, input parameters are fitted to existing experimental data.
The emulsion investigated, EM120D, is a typical explosive used in
the mining industry and was previously investigated experimen-
tally by Dremin [30] and later numerically by Chan [19].

Shock data is supplied as parameter input for the equation of
state of the condensed explosive. The porous unreacted explosive
behaviour is predicted by mixing the condensed phase together
with air to decrease the mixture density to qEM120D = 1200 kg/m3.
The product equation of state is fitted to an ideal detonation code
(IDeX) and the kinetics parameters are adjusted to match uncon-
fined velocity of detonation measurements.

Subsequent to the fitting of the input parameters, predictions
are made for two different confinement types: concrete and steel.



Table 4
Velocity of detonation, D, for radii, r, for unconfined EM120D.

Unconfined

r (mm) 13.5 15.0 18.0 20.0 30.0 40.0 60.0
D (m/s) 4000 4207 4780 4920 5470 5690 5900
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Table 5
Velocity of detonation, D, for radii, r, for steel confined EM120D.

Steel Confinement

r (mm) 7.0 10.0 15.0 21.0 27.0 37.5
D (m/s) 4900 5400 5800 5900 6000 6000

1894 S. Schoch et al. / Combustion and Flame 160 (2013) 1883–1899
In addition, a comparison to existing front curvature measure-
ments is done to complete the validation.
7.1. Summary of the Dremin experiments

The experimental results of Dremin [30] were obtained by con-
tract with ICI Explosives Canada. The task was to replicate a re-
search emulsion of ICI explosives and complete various
detonation tests.

The research emulsion EM120D, a mixture of ammonium ni-
trate, water, fuel and emulsifier, had a condensed phase density
of qc = 1400 kg/m3. It was later sensitised with glass micro-bal-
loons (hollow glass spheres), which yielded an average mixture
density of q = 1200 ± 10 kg/m3. The ideal detonation velocity,
determined with IDeX, is Did = 6385.35 m/s.
Fig. 9. Comparison between full domain simulation (upper half) and shock-following me
The pressure plot contains an additional white dotted line which represents the explosi
Detonation velocities were obtained for unconfined (paper con-
finement), concrete confined and steel confined charges. The
unconfined tests were accomplished for nine different diameters,
ranging from 17–120 mm. The paper casing was produced by glu-
ing layers of paper together with silicate glue, with paper wall
thickness in the range of 1.1 ± 0.1 mm. The average unconfined
detonation velocity results are summarised in Table 4.

The steel confinement tubes for the small diameter (7–10 mm)
were machined from cylindrical steel rods with a stated ultimate
strength of rUTS = 0.48 GPa. Larger diameter experiments
(14–75 mm) were done with weld free steel tubes with a stated
ultimate strength of rUTS = 0.56 GPa. The thickness of the steel
walls were measured to be 4.0 ± 0.3 mm. The corresponding det-
onation velocities for steel confinement are summarised in
Table 5.

Concrete confinement tubes were produced by pouring the
cement (27%), sand (54%) and water (19%) mixture in steel moulds.
The mixture was allowed to harden over the course of 18 days. The
concrete reached its maximum compressive strength (rC =
27 MPa) after two weeks and did not change after longer hardening
periods. The inner diameter for the concrete confinement ranged
from 14–120 mm; all concrete tubes had a wall thickness of
30 ± 0.5 mm. The recorded detonation velocities are summarised
in Table 6.
thod (lower half). The DDZ was marked in all contour plots with a black dotted line.
ve–confiner interface.



Table 6
Velocity of detonation, D, for radii, r, for concrete confined EM120D.

Concrete confinement

r (mm) 13.5 15.0 20.0 39.0 60.0
D (m/s) 4800 5000 5300 5800 6000
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The errors in the measured detonation velocity are stated in the
report to be between 1% and 1.5% for charges with large diameter
and 2–3% for charges near failure. The error in manufacturing the
inner tube radius for unconfined and steel confined charges are gi-
ven as Dr < 0.05 mm; for concrete confined charges, Dr < 0.1 mm.

The equation of state parameters used for steel and concrete in
this study were chosen in accordance with the previous ICI study
by Chan [19], which also analysed the same experimental data.
The EoS parameters are summarised in Table 1.

In addition to velocity of detonation measurements, front cur-
vature measurements were taken for the unconfined, as well as
for the concrete confined, charges. The front shapes were obtained
with a high speed streak photograph. The test charges length for
front curvature measurements were equal to 5–6 times their diam-
eters; the resolution time of the camera was stated by Dremin [30]
to be 0.015 ls. The streak pictures of the breakout are fairly rough
(see Fig. 16), thus Dremin supplied smoothed outlines in order to
analyse the data. This roughness is claimed to be due to the intrin-
sic heterogeneity of the explosive. The smoothed data, as stated in
Dremin’s report [30], is supplied for the unconfined explosive in
Table 7 and in the concrete confined case in Table 8. Since the det-
onation front in steel confinement is fairly flat, no detailed front
curvature information was provided in the report.
7.2. Reaction rate fitting procedure

The commonly-used procedure for determining the reaction
rate parameters in the rate law Eq. (26) for steady-state detona-
tions, is to fit the parameters to experimental VOD and front curva-
ture data. The parameters are determined by reverse engineering
of the VOD data with a Wood–Kirkwood type model [31]. There
are two drawbacks in this approach:
Table 7
Front curvature data extracted from [30] for unconfined detonation. The first column identi
front arrival times (ls) at certain distances (mm) away from the charge axis.

r (mm) Distance from charge axis (mm)

5 7.5 10 15 20

17.5 0.04 – 0.22 0.58 –
20 0.04 – 0.20 0.51 1.0
30 0 – 0.10 – 0.46
40 <0.01 – 0.06 0.14 0.24
60 <0.01 – 0.13

Detonation front arrival times (ls)

Table 8
Front curvature data extracted from [30] for detonation in concrete confinement. The first
give detonation front arrival times [ls] at certain distances [mm] away from the charge a

r (mm) Distance from charge axis (mm)

5 7.5 10 15 20

13.5 0.04 0.12 0.28 – –
15 0.04 0.17 0.29 0.29 0.60
20 0.03 – 0.14 0.35 0.75
39 <0.01 – 0.05 0.13 0.23
60 <0.01 – 0.10

Detonation front arrival times (ls)
1. the front curvature data is not available for the majority
of mining explosives;

2. an estimate of the velocity divergence term, xr, is neces-
sary, and this is not known a priori.

To rectify these drawbacks we adopt in the present work a dif-
ferent fitting procedure that only makes use of the unconfined VOD
data for EM120D from Dremin [30]. The front curvature vs charge
radius data can be recovered from the unsteady numerical code,
which provides the numerical solution to the System (1)–(4). The
final parameters were obtained by running this unsteady numeri-
cal code with a set of initial parameters and by reverse engineering
the reaction rate as described below. Since the fitting was done
manually, the parameters indx = 0.667 and Na = 9.0 were used in
the fitting procedure. The remaining parameters, sh, ss, ph and Np

were then adjusted to match the experimental data points within
their error limits.

The recursive fitting process described here takes advantage of
the speed of the steady-state code, which provides the solution to
the system (52)–(56); the complete procedure can be summarised
as follows:

1. Adjust reaction rate parameters: In the first iteration, a
guess is made of the initial reaction rate parameters. Sub-
sequent iterations take the parameter estimates from the
steady-state code.

2. Run the unsteady numerical code: In this step, the unsteady
model is evaluated with the latest parameter set and the
results compared to the experimental data. When the
numerical results qualitatively fit the experimental data,
the recursive procedure can be stopped and the final
parameters found. If the current iteration is not accurate
enough, we extract the front curvature vs charge radius
relationship from the numerical results to supply to the
steady-state code.

3. Supply front curvature vs charge radius relationship: The
relationship between front curvature and charge radius,
a necessary input to the steady-state ODE model, can be
updated with the latest prediction from the unsteady
numerical code. Without this relationship the steady-
fies the experiment with different charge radii, the following columns give detonation

25 30 35 40 50 60

– – – – – –
– – – – – –
0.66 1.02 – – – –
0.38 0.58 0.81 1.08 – –
0.17 0.30 – 0.50 0.93 1.41

column identifies the experiment with different charge radii, the following columns
xis.

25 30 35 40 50 60

– – – – – –
– – – – – –
– – – – – –
0.36 0.54 0.78 – – –
0.17 0.26 – 0.42 0.8 1.38
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state code could only predict the detonation velocity vs
front curvature relationship. The front curvature vs
charge radius relationship for the final kinetic parameters
is shown in Fig. 10.

4. Run the steady-state code: The objective of this step is to
bound the reaction parameters by using the lower and
upper limit estimates for xr (see Appendix A) in the
steady-state numerical code. This means that the param-
eters are adjusted and the steady-state code is run until
the area between the upper and lower estimated VOD
graphs contain the experimental data points. The overall
fitting procedure is accelerated, since the steady-state
code can be run within seconds on a desktop computer.
The estimated parameters are supplied to the unsteady
numerical code (step 1). The numerical VOD results
obtained with the final fitting parameters, together with
the lower and upper steady-state approximations are
shown in Fig. 11.
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By following this iterative process, a final set of reaction param-
eters can be found after 3–5 iterations, depending on the experi-
ence of the user, thus saving many computations with the
expensive, but more accurate, unsteady numerical code.

7.3. Concrete and steel confinement

One of the objectives for this model is to be able to simulate
mining type explosives; that is, it should be able to predict the
VOD graph of confined explosives within, or close to, the experi-
mental error after the kinetic decomposition rate parameters have
been adjusted in the model. Ultimately, it is desirable to be able to
reproduce most of the available experimental evidence as accu-
rately as possible.

All of the numerical experiments presented hereafter are
accomplished at a spatial resolution of Dx = 0.1 mm (see Sec-
tion 6.3). The length of the rate-sticks are chosen to be L = 20r, with
r being the explosive charge radius. The emulsion explosive is ini-
tiated by introducing a booster region at the left edge of the stick,
modelled as an unreacted emulsion explosive at an initial pressure
of p = 3 GPa. This setup was efficient in reaching a quick transition
to steady state, as the detonation is initially overdriven and decays
swiftly to its natural detonation state as described in Section 6.3.
The steady-state detonation is usually reached after LSTEADY � 5r
(see Fig. 8). In addition, it is checked that the detonation velocity
is constant over the last 500 time steps.

In order to determine the numerical detonation velocity, line-
outs from the centre streamline are provided and the average
velocity of the pressure peak is calculated. The experiments are re-
peated at the exact same radii as chosen by Dremin, but with addi-
tional radii to allow plotting of smooth continuous curves in the
VOD graph. The VOD curves in Fig. 12 are based on approximately
10 different radii runs.

Modelling the experimental setup in its full complexity is gen-
erally not possible but it is in our interest to eliminate possible side
effects on the final results. We ensure that the fitting quality of the
kinetic parameters is unaffected by the paper confinement chosen
for the experiment. It is known that cardboard beyond a certain
strength or thickness can affect the velocity of detonation mea-
surements [32], thereby affecting the adjustment of the kinetic
parameters. The paper confiner is represented by an inert material
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Fig. 13. Density contour plot (top row) with confiner interface (white dashed) and pressure contour plot (bottom row) with DDZ (black dashed) comparison between
different confinement types. From left to right confinements are: air, cardboard, concrete, steel, steel (finite tube).
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layer with density qpaper = 500 kg/m3 and thickness of
Tpaper = 1.1 ± 0.1 mm. The qualitative difference for the r = 15 mm
charge can be seen by comparing the contour plots of air confine-
ment (see Fig. 13a) and cardboard confinement (see Fig. 13b). The
difference in the velocity of detonation measurements can be seen
in Fig. 12 (air confinement (red), paper layer (dashed pink)). Based
on the results observed in Fig. 12, the effects of the paper layer on
the kinetic parameters are considered negligible in this instance.

The confined charges are run with infinite confiner thickness
and the material parameters for the confiner are the same as those
used by Chan [19]. The confined experiments were repeated but
with a finite confinement with the same thickness as stated in
the original report [30]. As can be seen in Fig. 12, the inclusion of
finite confinement effects does not affect the velocity of detonation
in this particular setup. Comparing both scenarios for steel in
Fig. 13 shows that the reflected wave from the exterior wall does
not interact with the DDZ inside, that intrinsically drives the deto-
nation. This agrees with the lack of an observed effect on the VOD
results in Fig. 12. As can be seen in Fig. 12, the numerical prediction
for concrete confinement is very good. The steel confinement is
also predicted very well, except for the two very small radii.

We believe that the VOD discrepancy is caused by the two dif-
ferent steel types having slightly different ultimate strengths. Evi-
dence to support this assumption is that the numerically predicted
VOD is higher than the experimentally observed VOD, which is
consistent with this notion, since the numerical confiner repre-
sents a ‘‘stronger’’ material than it actually is. Another possibility
is that the fluid model for the confiner material is too simplistic,
and no longer applicable at small charge radii.

In addition to the VOD measurements, the qualitative difference
between different confiner types is summarised in Fig. 13. As ex-
pected, the biggest expansion can be seen in the unconfined case,
thus leading to the smallest detonation velocity. In the cardboard
confinement, the shock transmitted in the confiner material can
be seen, but the effects on the detonation driving zone are negligi-
ble, as mentioned above. The concrete confinement, in comparison,
not only has a smaller interface deflection angle, but the effect on
the detonation front, of a smaller curvature, is clearly visible. This
effect is even more pronounced in the case of steel confinement.
The confiner effect on the DDZ is also clearly visible, ranging from
a convex lens type shape (unconfined) to a semi-convex shape
(concrete) to an almost flat shape (steel). The confinement in steel
and concrete, which results in high pressure within the explosive
(even at a charge radius of r = 15 mm), leads to an almost complete
burn process at the end of the domain (double DDZ length). In con-
trast, air confinement at the same charge radius leaves behind
around 10% unburned emulsion by weight at the same distance be-
hind the front, which continues burning slowly since pressures are
reduced down to approximately p = 1GPa.

In addition to the VOD data, Dremin also reported on front cur-
vature measurements for the unconfined and the concrete con-
fined emulsion explosive. Front curvature data can be obtained
from the numerical results by extracting the highest pressure re-
gion along the front, shortly before the detonation reaches the



Fig. 16. Scanned streak camera (top half) in comparison with numerically obtained
curvature (bottom half) for concrete confinement with charge radius of r = 39 mm.
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end of the domain. A comparison with the unconfined front curva-
ture measurements of Dremin is shown in Fig. 14. The x-axis is per-
pendicular to the centre streamline, thereby representing the
distance from the centre. The y-axis is along the centre streamline
and provides the time difference between first breakout in the cen-
tre (t = 0) to breakout at the distance x from the centre. It is worth-
while mentioning that these results were obtained by simply
adjusting the kinematic parameters to represent the correct VOD
versus inverse radius relationship for the unconfined detonation.

The front curvature comparison with the unconfined data
shows very good agreement, especially at smaller diameters; the
larger diameter numerical experiments have a stronger lag, as
compared to experiment. The concrete confined case exhibits a
smaller detonation front curvature, as expected from a stronger
confinement material. For small radius charges, experimentally ob-
served lags can be half the timing compared to the unconfined
case. The numerical prediction again matches the experimental
data points well. The experimentally observed fluctuation in
timing locations (e.g. r = 15 mm (exp)) seems to be greater than
-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 0  10  20  30  40  50  60

D
is

ta
nc

e 
fro

m
 F

ro
nt

  [
μs

]

Distance from Centre [mm]

R = 60 mm (num)
R = 60 mm (exp)

R = 40 mm (num)
R = 40 mm (exp)

R = 30 mm (num)
R = 30 mm (exp)

R = 20 mm (num)
R = 20 mm (exp)

R = 17.5 mm (num)
R = 17.5 mm (exp)

Fig. 14. Front curvature graph for unconfined rate stick experiment. Numerically
predicted front curvatures (continuous lines) are compared to experimentally taken
data points (squares) at various diameters (different colours). (For interpretation of
the references to colour in this figure legend, the reader is referred to the web
version of this article.)

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  10  20  30  40  50  60

D
is

ta
nc

e 
fro

m
 F

ro
nt

 [μ
s]

Distance from Centre [mm]

R = 60 mm (num)
R = 60 mm (exp)

R = 39 mm (num)
R = 39 mm (exp)

R = 20 mm (num)
R = 20 mm (exp)

R = 15 mm (num)
R = 15 mm (exp)

R = 13.5 mm (num)
R = 13.5 mm (exp)

Fig. 15. Front curvature graph for rate stick in concrete confinement. Numerically
predicted front curvatures (continuous lines) are compared to experimentally taken
data points (squares) at various diameters (different colours). (For interpretation of
the references to colour in this figure legend, the reader is referred to the web
version of this article.)
the difference between experimental data points and numerical
simulation.

Furthermore, not much information is known about the
smoothing algorithm applied by Dremin [30] or about the exact
experimental procedure used in taking the front curvature streak
pictures, thus the overall agreement is considered reasonable.

A direct comparison between the experimentally recorded front
curvature shape and the numerically obtained arrival times is
shown in Fig. 16. The numerical prediction in the bottom half
was coloured grey to allow easier identification. The rough struc-
ture of the front, as mentioned by Dremin, can be attributed to
the heterogeneity of the explosive. The edge between explosive
and confiner can be clearly seen in the numerical and experimental
picture, despite the roughness. Both front structures are in good
agreement, as already seen in Figs. 14 and 15. Obviously the
numerical results will not exhibit the roughness shown in the
experiment since it does not model the heterogeneities explicitly.
Note that this case corresponds to the red coloured data set in
Fig. 15 except that experimental data is scanned and smoothed
for analysis and the numerical contour does not contain the shock
in the confiner.
8. Conclusions

A single-pressure, single-velocity multi-phase model is em-
ployed for the numerical simulation of an explosive emulsion used
in the mining industry. Analysis of the model revealed a depen-
dency on the initial product density, unknown at the very start
of the detonation front. To rectify this problem, we implemented
an extension of the model, based on a constant volume explosion
approximation, which allows an instantaneous conversion of a
small amount of explosive to product gases, thus determining a un-
ique density at the shock front. In addition, we presented a shock-
following method to reduce the computational costs for steady-
state calculations within an unsteady numerical code.

The model and the associated numerical method can accommo-
date complex equations of state, and can cope with strong density
and pressure gradients, which are an essential requirement for this
class of problems. Numerical results (validated against experimen-
tal data) from the modified model show that it can reproduce con-
fined VOD experimental data (for concrete and steel) solely by
adjusting the reaction kinetics to unconfined VOD experimental
data (with no adjustment of any free parameters for the model
or the numerical method), thus being truly predictive. Further-
more, the model can match experimental front curvature measure-
ments without any further adjustments, which is also useful for
improving reduced (ODE-based) formulations.

An improved iterative fitting procedure for steady-state detona-
tions kinetics was also presented. The steady-state code is used to
provide new parameter estimates while the unsteady code is used
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to ensure accuracy of those parameters. The combination of both
approximations can thus reduce the costly unsteady code itera-
tions to a minimum, while keeping the accuracy of the parameter
fit.
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Appendix A. Divergence term xr estimates

The divergence term xr(z) can be obtained exactly on the deto-
nation front [33] through geometrical arguments:

xrð0Þ ¼
D� uð0Þ

R
¼

�uð0Þ
R

: ðA:1Þ

Determining the divergence term exactly behind the detonation
front is only possible for special cases and has not been solved for
the arbitrary case. If one wants to keep the simplicity of an ODE sys-
tem further approximations need to be made concerning the diver-
gence term. One assumption commonly made is to keep the
divergence term constant along the centre streamline:

xrðzÞ ¼ xrð0Þ ¼
D� uð0Þ

R
¼

�uð0Þ
R

: ðA:2Þ

This corresponds to the assumption that the divergence term on the
centre streamline some distance z behind the front is equivalent to
the divergence term at the same distance z behind the front but off-
axis enough to be on the curved shock front [33]. This assumption
can be regarded as an upper limit of losses in the unconfined case,
since usually the highest losses occur at the shock front and de-
crease with distance away from the shock front.

A different approximation can be obtained by comparing the
detonation in slab geometry with a spherical detonation. Neglect-
ing the unsteady terms of the spherical detonation in the limit of
large radii leads to a z-dependent expression for xr(z) [33]:

xrðzÞ ¼
D� uðzÞ

R
¼

�uðzÞ
R

: ðA:3Þ

This approximation is quite similar to the constant approximation
with a particle velocity dependency. The expression will always
be smaller than the constant approximation and can be used as a
lower loss limit in the unconfined case.

Both approximations have been used in this study for adjusting
the reaction rate as they give a good approximation for the lower
and upper detonation velocities expected with a certain reaction
rate.
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